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REPARAMETRIZATION OF n-FLOWS OF ZERO ENTROPY
BY
J. FELDMAN AND D. NADLER

ABSTRACT. Let ¢, ¥ be two ergodic n-parameter flows which preserve finite
probability measures on their spaces X, Y. Let T be a nullset-preserving
map: X — Y sending each ¢-orbit homeomorphically to a ¢-orbit. Then ¢, ¢
are called homeomorphically orbit-equivalent. For n = 1, there has been
developed a theory of such equivalence: “Loosely Bernoulli” theory. A
completely parallel theory exists for higher dimensions, except that it is
necessary to impose a certain natural “growth” restriction on 7, a restriction
which is vacuous in the case n = 1. In this paper we carry out this program,
but only for the case of zero entropy.

1. Introduction. Let ¢ be an n-flow on the probability space (X, p); by this
we shall always mean that ¢ is a free, measure-preserving, ergodic action of
R” on (X, p). By a reparametrizing map r for ¢ we mean a jointly measurable
7: X X R” —» R” such that each 7(x, -) is a homeomorphism: R” — R” and
such that the function ¢,: (x, v) > ¢, (x) is again an n-flow on (X, u,),
where p_ is a certain probability measure equivalent to u; ¢, is then called a
reparametrization of ¢. If T: (X, u) — (Y, ») is a measure-isomorphism and
Y, = T¢,(_,°)T“, then T takes the measure class of p to that of » and sends
orbits of ¢ homeomorphically to orbits of y: we call T a homeomorphic orbit
equivalence between ¢ and . Conversely, if T is a homeomorphic orbit
equivalence linking ¢ and ¢, then y, T has the form T¢,.,, where 7 is a
reparametrizing map, and then y = T¢, T ~'. Thus, we may ask the question,
“when is ¥ homeomorphically orbit-equivalent to ¢?” or, what is the same
question, “when is y isomorphic to a reparametrization of ¢?” This question
was raised by Kakutani in 1942 [K].

If n =1, it is clear from Abramov’s formula [A] that if ¢ and ¢ are so
related, then both lie in the same entropy class (zero, positive, or infinite).
Furthermore, it was recently discovered that within each of these three
entropy classes there exist flows which are not equivalent in this sense; this
was shown in [F1]. In fact, there are uncountably many inequivalent flows, as
was shown by Rudolph [R1]. In each entropy class there is a simplest
equivalence class, the “loosely Bernoulli” class [F1]; this was also discovered
by Katok [Ka] and Satayev [S]. The fact that the loosely Bernoulli (LB) flows
form a single equivalence class was shown for zero entropy in [Ka] and for
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positive entropy by Ornstein and Weiss in [W]. Following a suggestion of M.
Ratner, we shall call LB flows of zero entropy loosely Kronecker flows.

If n > 1, the situation becomes more subtle: it has been shown by Rudolph
in [R2] that any two n-flows may be linked by a homeomorphic orbit-equiva-
lence when n > 1. This is a flow analogue to Dye’s theorem [D]. However,
the imposition of appropriate conditions on the homeomorphic orbit-equiva-
lence T, conditions which are automatically satisfied in the one-dimensional
case, give us a direct generalization of the 1-dimensional theory. Let 7(x, v)
be defined by T(y,X) = ¢,)(7x). Then for n = 1 it may be seen that the
condition [||7(-, v)|| du < const -||v|| always holds. For n > 1, the imposition
of such a condition for T and T~! yields a familiar equivalence theory, as
follows.

It is shown in [N] that the analogue of Abramov’s formula holds under this
assumption; and in the present paper, under the same assumption, we
recapture the zero-entropy results of [F1)], [Ka] and [W]. The analogous results
in the case of positive entropy involve ideas beyond the scope of this paper,
but will be carried out elsewhere.

Some of the results of this paper are contained in the second author’s 1978
Ph.D. thesis in the Department of Mathematics at the University of Cali-
fornia at Berkeley.

The first author wishes to thank for their support the Miller Institute for
Basic Research in Science and the National Science Foundation (via Grant
no. MCS-7505576 AO1).

2. Reparametrization maps. It may be seen, with a little thought, that the
following conditions (a), (b), (c) are necessary and sufficient for a measurable
function 7: X X R” — R” to be a reparametrizing map for ¢:

@ 7(-, v+ w) = 7(-, 0) + T(P( ) » W) forall v and w;

(b) 7(x, -) is, for a.e. x, a homeomorphism carrying Lebesgue measure to
an equivalent measure.

(a) and (b) insure, in particular, that (x, v) ¢, ,x is a nonsingular
n-flow on (X, p).

Before describing the third condition, we make a brief digression.

Let A,: X X R" - R” be a jointly measurable version of the Radon-Niko-
dym derivative of the image of Lebesgue measure with respect to Lebesgue
measure. (Thus, where 7(x, -) is sufficiently smooth, we have A (x, -) =
|det 7°(x, -)|.) It follows from (a) and the definition of A, that A, (¢ X, W)
= A, (x,v + w) for ae. (x,w), for every v. By translation invariance of
Lebesgue measure, A (¢, %, W — 0) = A (x, w) for a.e. (x, w), for every v.
Therefore, for a.e. (x, w), the limit

N->oo

—- 1
A (x,w)= lim — A, (Drx,0)%, W — V) do
'CNl fCN o)
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exists and equals A (x,w). Here Cy =[-N, N}", and |C,| = Lebesgue
measure of Cy. Let 4 = {(x, w): above limit exists}. Then for each v, 4 is
invariant under the map (x, W) > (¢x%> w — v), and A (x, w) =
B,(S,(xemyX> W — v). Choose wq, 50 {x: (x, wy) € A} has full measure. Thus
also {x: (,(xwp*> 0) € A} has full measure. Applying the nonsingular map
X > ey —woX 1O this set, we see that {x: (¢, 0) € 4} has full measure
for every u. Let u = v + w. Then it follows that A (¢, %, W) = A (x, w +
v) for a.e. x. Drop the bar and call this version A,.
© J 8,(, 0 dp < oo.

The reason for this is the following: A, (-, 0) du is an invariant measure for ¢, ;
this may be seen from a Rokhlin picture for ¢, as described by Lind [L]. But
we want this measure to be finite. Thus

i, = (8,6, 0)/ [ 8,6 0) du) i

Reparametrizing maps may be composed by the rule ¢ o 7(-,v) =
o(-, 7(-, v)); this is consistent with the way in which homeomorphic orbit-
equivalences are composed. If 7 is a reparametrizing map for ¢, and ¢ for ¢,
then o ° 7 is one for ¢, and (¢,), = ¢,. . In particular, 7+ has a unique
inverse: a reparametrizing map 7! for ¢, n;ay be defined by setting 7~ (x, -)
to be the inverse homeomorphism of 7(x, -); thus 1= 'eor=707"1=
identity.

2.1. DEerFINITION. The reparametrizing map 7 will be called integrably
Lipschitz if [||7(-, v)| dp < const||v|| for all v and 7~! satisfies the same
condition. Note that an application of the cocycle identity then gives
fll7(-, ©) — (-, w)|| dp < const - ||v — w|| with the same constant.

As remarked in the introduction, for n > 2 any two n-flows are homeomor-
phically orbit-equivalent. If, however, we restrict ourselves to integrably
Lipschitz 7, we recapture the one-dimensional “loosely Bernoulli” theory.
First, one has the analogue of Abramov’s formula given in [N] which has the
following corollary.

2.2. THEOREM. If 1 is integrably Lipschitz, then ¢ and ¢, have the same
entropy class (zero, positive, infinite).

Next, we describe a special case of another result of Rudolph [R3] which
enables us to work with much nicer 7.

2.3. DEFINITION. For any integrably Lipschitz 7, it turns out that
f77Y(-,v) du is a nonsingular linear transformation of R”"; we call the
inverse of this transformaton J(7).

2.4. DEFINITION. A reparametrizing map 7 will be called tempered if 7(x, -)
and 7~ !(x, -) are C* functions, and ||7’(x, 0)|| and ||*~"(x, 0)|| are bounded
functions of x.

Then the case of Rudolph’s result which interests us is:
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2.5. THEOREM. If 7 is an integrably Lipschitz reparametrizing map for ¢ and
€ > 0, then there exists a tempered reparametrizing map o for ¢ with ||o’(-, 0)
= JMllo <& and ¢, ~ ¢,.

Here is an intermediate condition on the reparametrizing map .

2.6. DEFINITION. 7 will be called uniformly Lipschitz if ||7(-, v)|| ||o]| ™! is
essentially bounded uniformly in v 5= 0, and likewise for 7~!. As before, we
note that ||7(-, v) — 7(-, w)||/||lv — w|| will be essentially bounded for all
pairs (v, w) with v ¥ w, with the same bound as above: this is a consequence
of the cocycle identity.

This will be useful in the proof of the equivalence theorem in §§5 and 6.

2.7. REMARK. If the n-flow ¢ has a factor ¢, and 7 is a reparametrizing map
for ¢, then 7 “lifts” in an obvious way to a reparametrizing map r for ¢: if
x > X is the quotient map which gives rise to ¢ from ¢, then set 7(x, v) =
F(X, v). Clearly the properties in 2.1, 2.4 and 2.6 hold for 7 if and only if they
hold for 7.

3. Loosely Kronecker n-flows. Let D be a closed cell in R” and let |D|
denote the Lebesgue measure of D. Let 9 be a finite set and & the Kronecker
function on ? X ?. Let a, B: D — % be measurable. We recall:

3.1. DEFINTTION. d(a, B) = (1/|D])fp 8(a(v), B(v)) dv. The superscript P
will often be suppressed. Let Cy, = [— N, NJ* C R”; for convenience we write
dy, instead of d,.

Let %, be the set of C* self-diffeomorphisms of D which are the identity
in a neighorhood of the boundary of D. Let ||4]| denote the operator norm of
the n X n matrix 4 when R” is given the sup norm. For a matrix-valued
function A with domain D let ||A||, = sup, plAW))-

3.2. DEFINITION. fZ(a, B) = inf,cq [dp(a © h, B) + ||K' — I||,). We take
notational liberties with f similar to those described above. Note that 4 is a
metric, but f is not. However, we do have

fD(aa 7) < fD(a’ B) + (1 - fD(a’ B))-lfD(B9 7)'

Thus f;, gives the space of (D, ¥) names a Hausdorff uniform structure. The
approximate triangle inequality above will be sufficient for our purposes.
Also, if (¢, @) is a process, then fj,(x, ¥) = fp(P (x), D (»)), where P (x)(v) =
P (¢p(x)) = P if ¢(x) € P.

3.3. DEFINITION. A process (¢, 9) is loosely Kronecker (LK) if for all ¢ > 0
there exists an M > 0 such that if N > M then there exists E, C X with
r(Ey) > 1 — ¢ and fy(x, y) < € whenever x, y € E,. An n-flow (¢, p) will be
called loosely Kronecker if (¢, ) is LK for all partitions & of X.

A slight argument similar to the packing lemma in [N] shows that any LK
n-flow must have zero entropy. Our terminology is motivated by the following
example.
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3.4. EXAMPLE. Let X = T"*, the (n + 1)-dimensional torus. Let v > © be
a group-theoretic embedding of R” into X as a dense subgroup and set
¢,x = x + ¥, where + denotes the toral group operation. Let p be Haar
measure on X. Then ¢ is an n-flow on (X, p); in fact, ¢ is LK.

To prove this, let ¢ > 0 and @ = {P,},c,; be a partition of X. Choose
€; > 0 to be specified later, open sets U, D P; such that p(U ;¢ (UNP)) <¢,
and A a translation-invariant metric on X. Let § be a Lebesgue number for
{U.};e; with respect to A. Choose N, so large that if x,y € X, then A(x +
,y) <& for some v € Cy . Next, if N, is large enough, for all v € Cy, there
exists b,y € D, if N > N, such that:

MDA, y(w)=0v+won(l —¢) - Cy;

@ Ny = 1l <&

We take N, also large enough to ensure
Gy = {x EX: |CN|'1 {o ECyc+ve U (U,.\P,.)}

ier

<) @

has measure at least 1 — ¢, if N > N,.

Choose x,y € G, and v € Cy, such that AM(x + 5, y) < 8. We uscﬁ,ﬂ to
match the (¥, Cy) names of x and y. If w € (1 — ¢,)Cy, then x + h, (W)
and y + w belong to the same element of the cover {U;};c;. If, further, w
does not belong to the exceptional sets for x and y described in (3), we
evidently have ¥ (x + h,y(w)) = @ (y + w). We thus have fy(x,y) < 1 —
(1 — ¢)" + 3¢, + ¢, <e if ¢ was chosen small enough. ¢ is therefore LK.

O
The property of being LK is stable under finite recodings:

3.5. LemMma. Let (¢, P) be an LK-process and V € R" be finite. Then
(¢, @) is again LK. (Here and elsewhere, by ¥\, we mean \/ o, ¢_,%.)

PROOF. Let ¢ > 0 and choose ¢, > 0 to be specified later. Choose N, so
large that: if N > N,, then there exists Gy C X with u(Gy) > 1 — ¢, and
Fo(x,y) < &, for x,y € Gy; and if N > N, then C}, = N o ,(Cy — v) has
Lebesgue measure at least (1 — ¢,)|Cy|. Let N > Ny, x,y € Gy, and h € 9D,
with || — 1|, <& and dc (P (x) o b, P (¥)) < &,. Let

T = {v € Cy: P(d40)(¥)) * F(¢,(»))}-

Then |T| < &|Cy|, and since

T = {w € Cy: Py ($aom(x)) # P4 (9. (»)} C (Cy Ci) U ( Ler(T + o)),

we have that |T| < &,|Cy| + |V]| - |T| < (V] + 1)¢,|Cy|- We see, then, that
f2¥(x,¥) < (V| + 2)¢, <e if ¢, was chosen small enough. [J

3.6. COROLLARY. If the process (¢, 9) is LK for some generator under the
n-flow ¢, then the n-flow ¢ is LK.
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3.7. PROPOSITION. Let T € GL(n, R) and let (¢, u) be LK. Let 7(x, v) =
T(v) for (x,v) € X X R". Then (¢,, p) is LK.

ProOF. Let {¢}}., be the standard basis of R”. Fix ¢ > 0, a partition
{P;}:es of X, and €, > 0 to be specified later. By [P-S], there exists v, € R"
such that ¢° is totaly ergodic, ||v; — ¢]| <¢,, and ¢, € {f;0, + Z7_, L€
0<y< 1}.! Choose N, so large that there exists Ey, C X with p(Ey) > l -
€ and v (%) <e¢ for x,y € Ey. Let T(Cy) = Dy. If we conjugate by T
an fy, -matchmg, with error less than g,, of the % -names of x and y in ¢, we
obtain an Jp, -matching, with error less than (|T| ||~ Y + 1)e,, of the
P- -names of x and y m¢,

Let C = {t,v, + 2" , €[-Ny, Ny}, D = T(C), and

j=2 1 ¢
Ly = {v— S me, + mo;: m € 2N,Z, D +T(v) ch]
J=2
If N, is sufficiently large, for all N > N, we will have: (1) |U°EL"(5 +
T(v))| > (1 — €)|Cnl; (2) for some Fy, C X with p(Fy) > 1 — ¢,
'{o € Ly: ¢,(x) € EN1}| > (1 - ¢)|Lyj

for all x € F),. It is clear that (1) can be satisfied by choice of N, large
enough; that (2) can also be,isa consequence of the ergodicity of ¢y, .

Note that Dy C D and |Dy| > (1 - e)|D|. For x,y € Fy, let G, ={v
€ Ly: ¢,,(x),¢°( y) € Ey}. If v € G, then some h, € D, match&c the
(2, Dy )-names in the flow ¢, of ¢m)(x) and é7,(¥) with "érror less than
(ITI IT ™Y + 1)e,. These h,’s paste together smoothly because each is the
identity in a neighborhood of the boundary of its domain; by defining the
match to be the identity throughout the rest of C,, a calculation shows that
the error over all of Cy, is at most

1—(1=2¢)(1 —¢) +2(|7) ||T“||+ e, <e
if ¢, is small enough. [J
In fact, much more is true; any integrably Lipschitz reparametrization of

an LK n-flow is again LK. For the proof of this, we need a technical lemma
whose proof may be safely omitted.

3.8. LEMMA. For all sufficiently small € > O, there exists § > 0 such that for
any C' embedding h: (1 — 8)Cy — Cy with ||W' —I||, <8, there exists
h, € D, with ||k, — I||,, <& and hy(v) = h(v) if v € (1 — €)Cy.

3.9. THEOREM. Let the n-flow ¢ on (X, pn) be carried by the integrably
Lipschitz reparametrizing map T to ¢,, an n-flow on (X, ). If ¢ is LK, so is ¢,.

!The referee has pointed out that, by use of a standard “averaging” argument, this use of the
Pugh-Shub result could be avoided.
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Proor. By following = with a linear reparametrizing map we may assume
J(1) = I. Let P be a partition of X, € > 0, and £ > 0 to be determined later.
By Theorem 2.5, there exists 7, a tempered reparametrizing map for ¢, such
that (1) ||7(x, 0) — I||, ||7(x, 0)~! — I|| <& for a.e. x € X; and (2) ¢, =~ ¢;
via some isomorphism 8. Let & be the partition to which 9 is carried under
isomorphism from ¢, to ¢.. Let 7 (1) = 7(x, v) forx € X,v € R".

Note that if x,y € X, h € D, such that ||k’ - I||, <& and h; =
7. © h o171 7 (Cy) - 7,(Cy), then (3) hy((1 — 38) - Cy) C Cy and (4) ||h] —
I|<3E+&)+ &

Now choose N, so large that if N > N,, then for all x,y € E,, C X with
u(Ey) > 1 — & we have that f,?(x, y) <& (in the original flow ¢). Fix x,y €
Ey and h € 9, an fy-matching of the P-names of x and y with error less
than & Defining h; as above, by (3), (4), and Lemma 3.8 we will have,
whenever £ is small enough, an 4, € 9, such that (5) ||h; — I||,, <&/3 and
(6) |Cul™"[{0 € Cy: hy(®) = hy(0)}] > 1 — ¢/3.

If £ is perhaps smaller still, it follows from (5), (6), and the fact that A,
matches the (2, 7. 7,(Cy)) name of x and the @, r,(Cy)) names of y (in the
flow ¢.) with error less than & that h, matches the (@ Cy) names of x and y
in ¢, with error less than e. Under the isomorphism this pulls back to an
fy-matching of the ¥ -names of § ~'(x) and 8 ~!(y) in ¢, with the same error,
and if £ is also so small that y, (Ey) > 1 — ¢, we are finished. [J

4. Finitely fixed zero entropy n-flows. For more detailed informaton about
the metrics dy, and d we refer the reader to [O].

4.1. DEFINITION. By a joining of (X, p) and (Y, ) we mean a measure p on
X X Y which has p and » as its marginals. If ¢ is an action of R” on (X, p), ¥
an action on (Y, »), and ¥ and 2 are corresponding indexed partitions of X
and Y, then by dy((¢, ?), (¥, 2)) we mean the infimum

[a(@(x), 2(»)) do(x, ») )

over all joinings (X X Y, p). Observing that dy increases with N, we set

d((¢, @)’ (4” Q’)) = N—»eo dN((¢9 @)a (‘p’ Q'))
4.2. DEFINITION. fy and f are defined analogously, except that (s) is
replaced by

[1(@(x), 20»)) do(x, »).
It is clear that f, < dy, for each N. However:

4.3. PROPOSITION. Given (¢, @, N, and € > 0, there exists a § > 0 such that
if fl(® D), (¥, 2)) <8, then dp((¢, D), (¥, 2)) <e.
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Proor. It follows from the Lebesgue continuity theorem that if
(@ (x), 2(»)) < 8(x), then dy(P(x), 2(»)) < e. The proposition follows.
O

4.4. DEFINITION. Let (¢, ?) be of entropy zero. We say (¢, ?) is finitely
fixed (FF) if, given ¢ > 0, there exist N and & > 0 such that if f(¢, 9),

(¥, 2)) < 8, then fi(d, F), (¥» 2)) < &.
4.5. TuEoREM. If (¢, 9) is LK, then it is FF.

ProOF. Choose ¢ > 0. Choose N such that there is a set A C X with
p(4) > 1 —¢/8 so that if x;,x, € 4, then f(P(x,), P(xy) <e/8. By
making fy (¢, ?), (¥, 2)) small enough, we can guarantee that there is a set
Bc Y with »(B)>1—¢/8, and for each y € B some x € A with
(P (x), 2(»)) < ¢/8. Then for all x € A and y € B we get f (P (x), 2(»))
< &/3 by the modified triangle inequality for f, whenever ¢ < 1.

Now choose M so large that by the ergodic theorem there exists a set
Ay C X with p(4y) > 1 — €/2 such that if x € A4, then for a fraction at least
1 — ¢/4 of the v in NZ" N C,,, we have ¢,(x) € A4; and similarly, there is a
set B, C Y with »(By) > 1 — ¢/2so thatif y € B, then for a fraction at least
1 — ¢/4 of the v in NZ" N C,,, we have y,(y) € B. Then for x € 4, and
»y € B, we have f,(?(x), 2(»)) <&/2 + ¢/4 + ¢/3 + another ¢/6 to take
care of edge effects in case N does not divide M. Thus, for any joining p of
(¢, P) and (¥, 2), we have

[54(F(x), 200)) do(x,9) < & + 1= p(do X By)
e+ p(xNAo) X ¥) + (X X (YNB)) <2e. O

4.6. PROPOSITION. If (¢, P) is FF, then (¢, F) is LK.

ProoF. Fix ¢ > 0. Choose N and § for ¢/4 in the FF definition. Take M
much larger than N and choose any point x whose (%, C,,) name has §-good
empirical distribution of (%, Cy) names. Now make a periodic process (¢, &)
by using the (¥, C,,) name of x. This process is within & of (¢, ?) in its
distribution of (9, Cy) names; consequently f((¢, ?), (@, P)) < e/4. Now,
the periodic process (¢, &) is certainly LK, for if L is large, any two Cur
names can be matched well by an h € @Cm which translates a large portion
of C,,; by some vector of length at most 2M. Take an f-joining of (¢, P) with
@, @) which has gap less than &/4. Then there is a set A C X of measure at
least 1 — ¢/4 such that the (¥, C,,,) name of every x € A matches with
some (9, Cy) name with f-error less than e/4. Since any two @, Car)
names are close, it follows that any two (9, C,,,) names of points in A are
close for f by the modified triangle inequality. []
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S. The “Sinai Theorem” for zero entropy FF n-flow. We prove now the
homeomorphic orbit-equivalence analogue of Ornstein’s [Q] version of Sinai’s
theorem [S].

5.1. THEOREM. Let  be an n-flow on (Y, v), and let (¢, P ) be FF of entropy
zero on (X, p). Suppose R is a partition of Y with f((¢, F), (¥, R)) < ¢/100.
Then there is a uniformly Lipschitz reparametrizing map t for  and a partition
R’ of Y such that: (1) ||7(-, v) — o), |[77'(-, ©) — v|| < ¢||v|| for a.e. x for all
0, |R — R'|<e, and 3) (¥,, R) =~ (¢, P).

5.2. REMARK. Sharper results may be obtained. For example, it can be
arranged to have 7 tempered, with ||7'(-,0) — I||, [|7(-, 0! — I] <e.
However, we satisfy ourselves with this simplest version. The result will follow
easily from

5.3. FUNDAMENTAL LEMMA. Same as Theorem 5.1, but choose ¢ > 0 and
replace (3) by (3)':

f((4, R, (6, F)) <.

PROOF OF 5.3. Let N’ and &’ be the quantities required for (¢, ?) and ¢’ in
the definition of FF. Then we need to find 4’ and 7 satisfing (1), (2), and
Q) foA s R, (4, F)) <8

Since f((¢, ?), (¥, R)) < &/100, we can choose for each N a measure p,
on X X Y with marginals p and » such that p, gives measure less than &/100
to those (x, y) for which f,(? (x), 2(»)) > £/100. Now, for given § > 0 (to
be chosen later), choose N large enough that the empirical distribution of
(?, Cy) names in the (?, Cy) name of x lies within 8 of the true distribution,
in the d metric, except for a set of x of measure less than 8. This is possible
because of the ergodic theorem for ¢. Let S be the set of nonexceptional x, so
that u(S) > 1 — 6.

Now let B be a disjoint collection of R, -measurable sets each having dZ,
diameter less than £/100(1 + ¢/100)", with y(U gcq B) > 1 — ¢/100. Such a
% certainly exists, since we do not care how big |B | is. Consider the total
measure of those B € % which contain points y such that for some x € S,
(@ (x), R(»)) <e/100. This total measure is then at least 1 — ¢/50 if
8 <¢/100. Choose y, with the above property for each such B and a
corresponding x; € S. Thus for each such B we have some h; € 9, with
Iy = Il a5 = Ill, <€/100 and dy(R(yp) © by P(xp)) < e/100.
Now, for any y € B we have dy(R(»), R(yp)) <e/(1 + €/100)* - 100, so
dy(R(y) © hg, R(yp) © hg) <e/100 in view of the bound on ||k} — I]|,
and dy(P (xp), R(y) ° hg) <e/50forally € B.

Now build a Rokhlin tower E = Cy F in Y with error less than §. This may
be chosen to be a “strong” Rokhlin tower in the following sense. Set
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R, = ¥ (R Y, (F)) for v € Cy; put a measure # on F by normalizing the
projection of » on E. Then the tower may be chosen so that the d distances
between the processes {éjlo: v € Cy} and {Y(R): v € Cy} is less than & (see
[F2)).

Now copy @ into F, using the joining of {R,: v € Cy} and (Y (R):
v € Cy}. Call the new family % . If & has been chosen small enough, then for
“most” B € $ we have an associated point xp € S such that for “most”
y € B we have

d({@,,,.(,,)(y): v € Cy}, ‘.’?CN(xB)) < e/40.

The set of y not included in such a B, or for which the above inequality fails,
may be assumed to have total measure less than ¢/40 by choice of &
sufficiently small. Let T be the “good” y’s

Now we define ®'. If y = ¢,(yo), ¥o € B, then set R'(y) = P (b4;10)(*8))-
For y = y,(yo) with yo € F\ U 34 B, choose some fixed X € S and set
always R'(y) = P(¢,(x)). Thus R’|E is defined. Outside E R’ may be
defined arbitrarily.

The reparametrizing map = will now be defineq. If y = ¢, (o) yo € B, set
60») = Ynyy(¥); £y = ¥ (Vo) Yo € FNU 5eg Borify & E, set 8(y) = y.
Then 7 is defined by taking 7(y, v) = w if 8(y,(»)) = ¥,,(»). Since each h, is
the identity in a neighborhood of the boundary of C,, it follows that 7 is C*®
on orbits. Furthermore ||7'(y, v) — I|}, |7(», o) ' -1 < e/lOO

Since d({@,,,,(o)(y) v € Cy), 9, (x3)) <e/40 wheny € B N T, and since
R (Yn,(¥)) = F (@,(xp)) for such y, it follows that |R' — R | <e.

It remains to show that f,.((¢,, R'), (¢, F)) < §’. Now, the (R’, Cy) name
under y, of a point y in F is the (9, Cy) name under ¢ of some point in S;
consequently the empirical distribution of the (', Cy,) names under y,
within the (&', Cy) name of y under , is within § of the distribution of
(?, Cy) names. If N is much larger than N’ and & is sufficiently small
(recalling that »(Y\ FE) < 8), we have the desired resuit.

COMPLETION OF PROOF OF 5.1. In [0}, or [F2], one simply makes a sequence
of successively better partitions which converges. Here one must also make a

sequence of reparametrizing maps 7, T, ... so that 7, 7,07,
T3 9 T, ° Ty, ... converge to a reparametrizing map = satisfying the uniform
Lipschitz condition (1).

J
J
l41C, 0) = ¢, )], < BaallgC o)y < 8a IT + 8)]e],
If %2, 8 < oo, then JI(1 + §;) < oo and we have that

S louite0 - ool < (L + ) 5 spol

Suppose [|7;(+, v) — 0|l < §|0||. Set o, = ident, 6;,, = 7, ° 0;. Then
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Thus ¢;(-, v) converges in L,(p). We may choose the §’s so small that
721(1 + §)Z52 §; < e, and then the limiting 7 will satisfy ||7(-, v) — vl|,
<ello.
Since we also have ||77'(:, v) — v|l,, < §lv||, it follows that the o' =

m7'e -+ o171 also converge, and since their limit 7 satisfies F o 7 =7 o 7
= identity, we have that ¥ = r~! and so 7(x, ) is for a.e. x a homeomor-
phism.

Since 7(x, -) is for a.e. x Lipschitz in both directions, it carries Lebesgue
measure to an equivalent measure; and because of the uniformity of the
Lipschitz constants, the Radon-Nikodym derivatives A, and A,_, are uni-
formly bounded, and it follows that 7 is a uniformly Lipschitz reparametriza-
tion map for y.

Now we have partitions ®; — ® and A((¥,, },), (¢, F)) < §;. It follows
casily that ((¥,, R), (& 9)) = 0,50 that (%, ) ~ &, 9). O

A more careful application of the fundamental lemma gives:

5.4. COROLLARY. Suppose & is a generator under ¢ and (¢, ?) is FF of
entropy zero. Then given € > O there is some & and N such that if R is a
partition (Y, v) satisfing fil(y, R), (¢, P)) < 8, then there is a reparametriza-
tion y, of ¥ on (Y, »,) and another partition R’ with: (1) ||I7(-, v) — v,
le='C ) — ol <&, )[R — R'| <e,and B) (¥, R) =~ (4, F).

6. The equivalence theorem for FF zero entropy n-flows.

6.1. THEOREM. Suppose ¥ is a generator for the zero entropy n-flow ¢ and
(¢, ) is FF. Suppose (Y, 2) satisfies the same assumptions. Then given
1 > € > O there is a uniformly Lipschitz reparametrizing map v for ¢ with
17(-5 0) = ©lles I77'(:, ©) — 0llos < elloll such that ¢, ~ .

The proof is based on the following lemma, which is almost Lemma 5.11 of
[F2].

6.2. LEMMA. Let 9 and 2 be partitions with (¢, P) and (¢, 2) of zero
entropy and FF. Let Pg. D*/'°Q. Then there is a reparametrizing map T for ¢
and a partition 9 such that, Setting ¢ = ¢, we z:ave: M) ll7(-, ©) = V|| o»
7715 0) = olle, <elloll, ) |2 — 2| <&, (3) @ D=~ 2),and (9 P C*
VoeR" ¢o_ l(92’)'

ProOF. Choose a finite set ¥ C R” so that ¥, D 2, with |2, — 2| <e/8.
Apply Corollary 5.4 to (¢, ?,) (which is clearly FF because (¢, ) is) to get &
and N for ¢/4. Now build a partition 9’ C 2. so that (¢, (? V 2),) and
(¢, (9’ V 2),) match within § on Cy, where K > N and V C Cy, and so
that also (? V 2), and (9’ VV 2),, have distribution distance so small that if
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we set 25 equal to the partition in ¥, built like 2, in ¥,,, then |2} — 2| <
|2 — 2| + ¢/8. Thus 25 c ¥, and |2 — 2| < /4. All this can be done
by Lemma 5.10 of [F2].

Now since dC (P, Pv), (&, D7) <9, there is some reparametrizing map o
for ¢|2g., lifting to a reparametrizing map & for ¢, and some P c e, with
M) flo(-, 0) = Olles l67'C, ©) = ol <elloll/4, ) [Py — Py| <e/4, and
(3) (¢’ ) ~ (‘P’ ) where ‘P 4’0

Set P, = \/, o, ¥y (P) and let 2, be constructed from P, in the same
way in which 2, and 2; are constructed from 9, and 9;. Then 2 is also
the image of 2, under the isomorphism from (¢, €P) to (¢, &P). Also clearly
12— 24] <e/4. _

Now reverse roles. Choose a finite set W C R" so that 2, 5%, with
[P~ P| < e/8.

We will apply Corollary 5.4 to (¢, 2%,) this time (which is FF by Proposi-
tion 4.6, Lemma 3.5 and Proposition 4.5) for €/4; call the relevant quantities
8 and N again, since the old ones will not be used any more.

Apply Lemma 5.10 of [F2]: choose L so that W C C, and L > N; build
9’ ¢ P, so that (¥, (P V 2)%) and (¢, (P VV 2°)y) have a better than &
match on C,, while (P \/ 2)}, and (9 \/ 2°)y, are so close in joint distribu-
tion that if $; C 2;, corresponds to P C 2, then |P; — Fy| < ¢/2; fur-
ther, the partitions 2, \/ 2’ in @, \/ 2’ and the corresponding 2,\/ £ in
P¥. \/ 2 have such close joint distribution that |2, — 2’| < |2, — 2| + ¢/8
<e/4.

As before, we have some reparametrizing map p for ¢ and some g c @w
with (1) [lo(-, v) — vll, and [[p™'(, ©) = oll, < e/4lloll, @) 12 = 2l <
¢/4, and (3) (¥, 2) ~ (9, 2), where & = y,,. Thus the partition F, c 2},
corresponding to 5 c_2y, and P c 2, must satisfy |P, — P| <e/2.

Now 2%.5 2% 5 3, and |9, — %] <e/2, and |F5 — P| <e/2. So
%. 5.

Similarly, |2 — 2| < |2 — 2| + 12 — 20l + 20— 2'| + |2’ — 2| <¢/4
+efd+e/d+ef/d=c¢

Finally, 7(-, v) = p(-, o(-, v)), sO

"7(" O) - v"ao < "P(‘, 0(', 0)) - 6(': v)“eo +"°(': '-7) - '-’"oo
<e/4(|lo(-, v)]o +|o|)) <e/4(|o(-, v) — V]| + 20)
<ellofi;

a similar calculation, of course, is valid for r~!. [

ProOOF OF THEOREM 6.1 FROM LEMMA 6.2. First, by Theorem 5.1, we choose
a reparametrization ¢, of ¢ With [|7o(-, ©) — 0ll, lI75 (-, 0) — ofl <egllo]|
(Where ¢ is chosen less than e/4), and a partition 2, with (¢, , 29) =~ (¥, 2).
Next choose finite subsets ¥; C ¥, C - - - C R" with U; ¥, dense. Choose
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¢, < £/16 and a reparametrizing map o, for ¢, by Lemma 6.2 and 2,, so that
lloy(-s 0) = oll, lloy'(-,0) = oll <glloll and |2, — 2| <e;; choose W,
finite so that if 7, = 0, ° 7o, then V ¢y, oP"Y(2,) o%® and (9P, 2,)) ~
(¥, 2), where ¢ = ¢, = (9, o,°

We carry things one step further. Choose e, < ¢/64. Choose ¥, finite,
containing ¥}, so that ®5; >/1°9,. Then, by Lemma 6.2, there is a reparam-
etrizing map o, for ¢,, and a partition 2,, such that ||o)(-, 0) — 0|l
llos1(+5 ©) - o) < &llvll, |2, — 2,| < €, and for some finite W, C R”, setting
T, =0, 0 7 and $@ = ¢, we have \/ . $P7U(2) D=FPp, and (6, 2,)
~ (@, 2). If & is chosen small enough, we will further have
Voer él)—l(%) D(l+l/2)¢,@.

Now the general step. Suppose we have ¥, ¥, ..., Vy_, C R* with
V; D V,, positive numbers ¢ < ¢/4/, finite sets W,, ..., Wy, successive re-

parametrizing maps 7, = ¢; © 7,_,, and partitions 2, ..., 2y, so that: (a)
llg+, ©) = vll, and |lg'(-, ©) — of| <glloll, ®) |2 = 2_,] <g, and ()
setting ¢ = ¢, , we have, settinga(j) = 1 + - - - +27,

N1 . .
V60 () 2Py | if1<j<k<N.
J

Choose &y, , < ¢/4"*!. Choose ¥V D Vy so that P, > w+/199, . Apply
Lemma 6.2 to get a reparametrizing map oy, for ¢(‘6 and 2,, so that

-1
lon+1(:s ©) = Olles ox41(+5 ©) — vl < exiqlivll;

-1
|2n+1 — 2] < enars oé‘, ONTY (2y41) %Py,

and (¢(N+ l), E’Z'N-l-l) ~ (‘l” 9’)9 where ¢(N+ D= ¢r~,| = (q’f,,)cn,,’ Choose WN+1
finite so that

N+1)~! .
oD (2y4r) D* P
0EWn,

If ey, ; is small enough, we will also have that
Y, $07 @) DTy,

if 1 < j < k < N. Thus the induction has proceeded another step.

Let 2 = limy_, . 2y Since

-1
oé/wj ¢82 (2vsr) 329@!;_,

forall N > k > j > 1, we also have
V, $87 (@) 2%y, itk >j> 1.

J

vE
Next, an argument exactly like the one in the proof of Theorem 5.1 shows
that if the ¢ are chosen small enough, then 7; converges to some 7 and -rj'l to
771, and the desired uniform Lipschitz conditions hold.
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Now
V. 07 (R)2%Fy | ifk >

oEW;
Because of the Lebesgue theorem on continuity of translation, we have,
setting ¢ = ¢,
— B .
vé/”? ¢, (2) 329@"9-. for all .

Then
V 3"(9)32"6?? for all j,

and s0 \/,cpe b5 ‘(?z) O Pge. Since (99, 2) ~ (¥, 2) and |2, — 2| <¢

+ g4+ ..., we have d((¢9, 2), (¥, Q)) g+ gt ... conse-
quently, ag_am by the Lebesgtle _theorem on continuity of translations, we
have d(($, 2), (¥, 2)) =0or (3, 2) =¥, 2). O

7. An example of a non-LK n-flow of zero entropy. Recall the construction
of the nonloosely Bernoulli process (T, ?) of Feldman [F1]. There are N(0)
0-blocks {a,;}Y®, forming the partition ¥, and if we are given the list

{@,,:} of m-blocks, the list {a,,, ;77D of (m + 1)-blocks is defined as

i=m]

follows:

a,

m ?

2 2 |\ N(mNem+D
e = (@n - - - amFlm)

Ny Nemy® \N(mXNm+D=1)
Api12 = (a rnf{n) : ams#&»))

9

(a N(m)m("* D} . N(m 2N(m+ l)) N(m)’.

Q- I, N(m+1) = m,N(m)

A process is built such that every name divides into m-blocks for every m. It
will be convenient for us to take N(m) = 200 - 2™.

If we suspend (7, 9), we get a continuous one-dimensional process of zero
entropy; we call this continuous process (7}, ?). Let (¢, 9) be the product of
(T,, @) with a trivial continuous (n — 1)-dimensional process. The names in
(¢, 9) thus vary only in the direction of the first coordinate, and they split up
into m-blocks as above; but now each 0-block occupies some slab of width
one in the orbit instead of a single point.

We claim that (¢, ®) is not LK. Let (X, p) be the underlying space of
(¢, 9), and let L(m) = the width of an m-block divided by 2. Then if x € X,
the (¥, Cy,,) name of x is made up of the terminal segment of some m-block
B, ,(x) followed by the initial segment of some other m-block B, (x). If
E C X with p(E) >i, and m is an integer, then there exist x and y in E such
that B,,,(x) # B, (), B..») and B,(x) # B, (), B.,»). If we had



REPARAMETRIZATION OF n-FLOWS OF ZERO ENTROPY 303

Jumy(%,¥) <¢, then some h € GDCw-) would have to match some segment in
the C,,,) name of x parallel to the first coordinate axis better than ¢; at least
one fourth of such a segment lies entirely within some m-block and has image
under k lying within some different m-block. If we assume ||’ — I||, <3,
then this image will have extent at least L(m) in the direction of the first
coordinate; because the value of the process (¢, ) depends only upon the
origin and the first coordinate, we may assume that this image is again a line
segment parallel to the first coordinate axis. We have thus reduced the
problem to the one-dimensional.

7.1. LEMMA. Let a and B be segments of length at least %L(m) lying within
different one-dimensional m-blocks, on intervals I, and Ig. If h: I, — Iy is
piecewise differentiable with ||k' — 1|, |(A)™' — 1|l < g5, then
d(a°h™',B)>3.

PRrROOF. The proof is by induction on m. Suppose we know that for some m,
if & B, and k are as above, then d(&@ ° ™', B) > 8, (if m = 0, we may take
8, =1).Leta C a,,;B C a4 (U <k), I, Iy, and h be as above.

The segment B has the form A4, - - - A,A,, where 4; = a'™” for some
c and A4, and A4 are terminal and initial segments of certain 4’s. The
segment « has the form 4, A4{ - - - A%4, where 4, has the same form as 4,,
d = N(m)**7, and A4, and A4, are terminal and initial segments of certain
A®s. Restrict h to the subintervals of I, corresponding to the various 4%’s.
The image in B under k of such a subinterval has the form 4,4, - - - 4,4,,.
Keep h the same on the middle (1 — 2N(m)~')d copies of 4,, but redefine A
to be linear on the extreme 2N(m)~'d copies so that the image of 4 under A
now has the form 4, - - - 4,4, ,,. Where h has been redefined, we have that
[h" = 1), |(h")~! = 1] < 5. Call the new map h,. We have that d(a ° 4;, B)
<d(a°h™', B) + 3(1 + 25)N(m)~"'. Now restrict h;"' to the various 4,’s in
the range of ;. k" '(4,) has the form bb, - - - b,b;, where b, is an m-block
and b, b, terminal and initial segments of certain m-blocks. We redefine
k! in the same way as we redefined h; keep h;"' the same on the middle
(1 — 2N(m)~")N(m)* copies of the m-block making up 4, and redefine it
linearly on the extreme 2N(m)¥-' copies of the m-block so that the image
becomes b, - - - b,b,,,. Where h; ! has been redefined, we have |(h') — 1|,
|} — 1| <455 Call the new map h; . We have that

d(a°h;',B) <d(a-hi',B) +3N(m)™'
<d(aohi',B) +3(1 +45)N(m)~' +3N(M)™!
<d(aoh,B)+ TN(m)~ "

Now, h, maps 47 to an interval of almost the same length. Thus, since it
occurs with frequency less than 5N(m)~!, one of the m-blocks comprising 44
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has more than one fourth of it mapped by A, to the same m-block in B.
Therefore, d(a ° h; !, B) > (1 — 5N(m)~ "), and so

d(a°h™',8)>(1-5N(m)"")s, — IN(m)~' > 8, — 12N(m)~' =3,,,,.
Since lim,, ,, §8,, = 1 — 2%, we are finished. [J
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